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Motivation

Picture a system of N >> 1 interacting 'particles’ (e.g. molecules, cells, opinions,
oscillators,...). At which scale can you consider the system ?

® Microscopic: N coupled differential equations
® Mesoscopic: Statistical behaviour of a "typical’ particle

® Macroscopic: Mean/thermodynamical quantities
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The Boltzmann equation

(H1) Local binary collisions

[ Ouft +v - Vi fi = (collisions at x)
/
/U/v. = (CO”)U’,w’Hv,w - (Co”)v,wﬁv/,w’
v w/ g f2 (’U” w/)B’U’,’wl—VU,U} — f2('l}, w)-Bv,w—m’,w’
o//
o W where fs: distribution of pairs of particles,

B: collision rate.

~+ But what are w,v',w’, B, fo 777



Geometry of collisions

(H2) Elastic collisions: Momentum
v and energy conserved:

/ /
v+w=v+w

[0 + [w]? = [v]* + ']



Geometry of collisions

(H2) Elastic collisions: Momentum
v and energy conserved:

/ /
v+w=v+w

o]* + |w|* = [V']* + ||
v Let (2,7,0,0") € R? xR3 x §? x §? s.t.

vV=2z+ro w=z—1ro

/ /
v’:z+7“0' w =z—ro



Geometry of collisions

(H2) Elastic collisions: Momentum
v and energy conserved:

/ /
v+w=v+w

[0 + [w]? = [v]* + ']

v Let (2,7,0,0") € R? xR3 x §? x §? s.t.
w
vV=2z+ro w=z—1ro
v/:z+ral w =z—ro

(H3) Micro-reversibility:

Bv’,w/%v,w = Bv,w%v/,w’



Geometry of collisions

(H2) Elastic collisions: Momentum
v and energy conserved:

/ /
v+w=v+w

[0 + [w]? = [v]* + ']

v Let (2,7,0,0") € R? xR3 x §? x §? s.t.
w
vV=2z+ro w=z—1ro
v/:z+ral w =z—ro

(H3) Micro-reversibility:
Bv’,w/%v,w = Bv,w%v/,w’ = B(T, o- UI)
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Closing the equation

® (H1) Local, binary collisions
® (H2) Elastic collisions
¢ (H3) Micro-reversibility

8tft +v- vxft = f2 (”U/, wl)Bv’,w’%v,w — f2('v7 w)‘BU,w—}v’,w’
= [ (B - 0 Bl oo
weR3 0/ €S?
(H4) Molecular chaos: f(v,w) = f(v)f(w) i.e. particles are uncorrelated before

collisions.
Finally, the Boltzmann equation [Maxwell 1867, Boltzmann 1872]:

i Vabi= [, ()R = ) fw) Blro - a)do'du
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Mathematical Study of Boltzmann

O ft +/V1f{—// V) fe(w') = fi(v) fe(w)) B(r,o’ - o)do’dw

e Difficulties: Non-local d|ffu5|on in v, no diffusion in z.
B can be very singular :

B(r,o-o')~r(1—0-0')717%, v e (-3,1), s e (0,1)

® Simpler case: Space-homogeneous f = f;(v). Still, 74 years for wellposed-ness !
[Carleman, Arkeryd, Bobylev, Lions, Villani, Mischler, Mouhot, Desvillettes,
Silvestre, Imbert,..., 1950-2024]

Question (Kac, 1956)

Collisions perpetually correlate particles yet molecular chaos postulates a form of
perpetual independence. Can one prove that molecular chaos emerges from the
microscopic level in the large number limit ?
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Kac’s particle system

Kac’s goal: Prove molecular chaos starting from N 'particles’ under all other
hypotheses.

Kac's ’particles’. (V1,..,Vy) velocities (no pesitions). At random, (V,V;) — (V/,V])
with rate B;; = B(|r;j|,0’ - 04j): a Markov jump process.

Kac’s Master Equation. Let F}N(vy,..,vy) the law of (Vi(t),.., Vi (t)):

1
OEN = —— FN(C. o0k — ENY pijdo’
tL't N_1§é2< t( » Uiy 72}]7 ) t)plja

1
=57 2 Qu(FY)
1<J

Compare to Boltzmann:

Oufy = / Quu(f3 (0) fo(w))duw
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Kac’s particle system

Take marginals

FtN:k(vlg ety 'Uk) = / FtN(U17 ceey UN)dkarl-“va
R3(N—k)

o [N:d(y): distribution of a typical particle ~ should be ~ f
o ['N:2(y,w): distribution of a typical pair of particles ~ should be ~ f» = f®2
® and so on...

Propagation of Chaos / Kac’s Program

Assume initial chaos (independence) F¥ = f&V for some probability distribution fo.
Show that for all times ¢t > 0, all 7,

N:j j
7Y —
N—+o0

where f; solves the Boltzmann equation.
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Proving propagation of chaos

Difficulties:
® |nfinite number of variables as N — 400
® The marginal FNi depends on FN:+1
Approaches:

e Analytic: Infinite hierarchy on the F/ = lim F'V'J [BBGKY hierarchy], try to show
that £V = f®7 is the only solution. Harder than uniqueness for Boltzmann.

¢ Probalistic: [Sznitman 1991] Work on the particle system itself (rather than its
law), rephrase chaos on a common space for all N, j.
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Proving propagation of chaos - Sznitman’s approach

Key idea: The map
JT R3N —  P(R?)
(’Ul, ey UN) — % Zj duj-
Let uN (t) := p(VN(t), ViV (¢),..., Vi (t)) be the random empirical measure of the
system of N particles. Almost no information is lost.

Key Lemma

N:j P(R37)

. oo PPR3
Vi, F, ) S oY — L) (PED)

Fee

where
B = | o Edp).
RS

~» Trade-off: (FN:j)j replaced by the 'self-sufficient’ /Y, but which is less regular, less
explicit, and random.



The Key Lemma

AN P(PR?))
L‘(Mév) = FtN Fee
U testing the convergence with p — [ @dp®’
. i £ AN:j PRY)
Vi, [ o E{ (dp) = FY e e
U because FN7 and FN7' are explicitly close
N:j P(RY)

Vi, FNY S g
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Applying the key lemma

|
~

Key Lemma

PRY) P(P(R?))

g e = L(ulN)

where
B = [ oEdp).
RB

Original goal

P(R37)

FNJ f27 where f; solves the Boltzmann equation.

New goal

o)
o)
=

w
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The proof strategy

1 N =g
; . in law
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approximates Boltzmann

E—=
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g random
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The proof strategy

uN N =g g random g=1rf
in law the particle system Boltzmann sol® | uniqueness | deterministic
N ] approximates Boltzmann of solutions
L(u™) E—= L(uN) — F> E—== F>(solutions) =1 —> Fee =65
in P(C([0,T], P(R?))
N:j 85 j &g J
(FzN)te[o,T] F 7 — F = [ p®IFpe(dp) Froe :ffbj

in P(R3)

Tightness - Consistency - Uniqueness method.
Every step requires increasingly good estimates for increasingly singular B.
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Getting estimates

What do we estimate ? In which 'norm’ ?

e 1Y is a random rough measure ~ no reliable estimates.

But F}¥ solves the Kac Master Equation:
8tFtN = ; Z/ <FtN(, ’U/-7 ceey U/~, ) - FtN> Di 'dU/ = i Z Q@ (FtN)
N -1 Js ’ J J N -1 J

1<j

® We need quantities that behave nicely with respect to dimension and marginals.
L?/ Sobolev norms do not.
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Fisher Information

Why is existence of solutions of Boltzmann possible in the first place ?

Theorem (Imbert-Silvestre-Villani 2024)

The Fisher Information

1) = [ 1IViog o
R3
is non-increasing along the Boltzmann equation (for virtually all kernels B).

® N-particle counterpart : I(FV) = % Jgs FY|Vlog FN [*dv is non-increasing along
the Master Equation.

® Nice behaviour with respect to N: superadditivity
I(f*N) = I(f) I(FNT) < I(FN)

(~ same properties as the entropy [ flog f but higher order control!)
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Consequences of Fisher bounds

I(fo) = I(FY) > I(EN) > I(F}N?)

~» Uniform control of the 2-particle distribution in a binary interaction system.
Enough for tightness for all kernels B.

™ N =g
N in law
L) = L(uN) = F>
Fisher in ’P(C([O,TL’P(R?’))
(FtN)te[o,T] FtN:j - FtOO:j = fP®thOC(dP)
in P(R%)

Next: Which estimate can we obtain on the limits ?
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Passing to the limit

I(F9) < lim Nian(FtN:j) < I(fo).

What does this mean on F° = L(g;) ? Convexity + additivity of I:

IF9) =1 ( / - p®th°°<dp>) </ o L) ) = /. o L) )

Key property: I is not only convex but affine in infinite dimension:

lim I(F ) = /P (R3)I (p) FY(dp) |=E[1(gt)]

j—o0

Issue: We end up with a control of sup, E [I(g:)] and not E [sup, I(g)].

At best we recover fOT I(g¢)dt < 400 a.s., which implies | g € LI L2 | ass.




Consequences of limit Fisher bounds

The limit Fisher bounds are enough for consistancy for all kernels B.

Fisher(in E)

uN i = a g random
N K in lav the particle system Boltzmann sol®
(l[ )\ tight - i approximates Boltzmann
L(pN) — L(p) — F E——= F*°(solutions) = 1

Fisher /iI{P(C([O, T], P(R?))
7

(FtN)te[O,T] FtN:j - FtOO:j = f_p®thoo(dp)
in P(R37)




Consequences of limit Fisher bounds

Uniqueness holds for weak solutions in L} L2, p > 3/(3 + ~) [Fournier Guérin 2008]

(uN)n tight

A

= L(uN) = F>

L) =

Fisher

(FM)tepo,m)

e

il P(C([0, T], P(R®))

7

N
12 g
in [ the particle system
7

approximates Boltzmann

=

FtN:j N Ftoo:j _ fp®thoo(dp)

in P(R%)

g random
Boltzmann sol®

F°°(solutions) = 1

1L L

uniqueness
of solutions

=

B
v g= f
deterministic

F =5,

Fooid — f?]



Consequences of limit Fisher bounds

Uniqueness holds for weak solutions in L} L2, p > 3/(3 + ~) [Fournier Guérin 2008]

— 173
uN N W g random lLf L,l, g=f
N . in L the particle system Boltzmann sol® uniqueness deterministic
(llf ):‘V tight - 7 approximates Boltzmann of solutions
L) =H y L(pN) — F — F>(solutions) =1 ——=> F>® =4,
Fisher _in P(C([0,T],P(R?))
7
N:j 2y j j
(FtN)tE[UyT] F; = FtOOJ = f_p@UFtoo(d/’) Fooi — f?]
in P(RY)

~> Covers v € (—2,1) but the physically relevant range is v € (—3,1).
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THANK YOU FOR YOUR ATTENTION!
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